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In this work, we analyze the quasi-two-body decays B(s) → ψ[K
∗(892), K∗(1410), K∗(1680)] → ψKpi
by employing the perturbative QCD (PQCD) approach, where the charmonia ψ represents J/ψ and ψ(2S).
The corresponding decay channels are studied by constructing the kaon-pion distribution amplitude (DA)
ΦPKpi , which captures important final state interactions between the kaon and pion in the resonant region.
The relativistic Breit-Wigner formulas are adopted to parameterize the time-like form factor FKpi involved
in the kaon-pion DAs. The SU(3) flavor symmetry breaking effect resulting from the mass difference be-
tween kaon and pion is taken into account, which makes significant contributions to the longitudinal po-
larizations. We accommodate well the observed branching ratios and polarization fractions of the B(s) →
ψK∗(892) → ψKpi by tuning the hadronic parameters for the kaon-pion DAs. The PQCD predictions for the
B(s) → ψ[K
∗(1410), K∗(1680)] → ψKpi modes from the same set of parameters can be tested by the precise
data from the LHCb and Belle II experiments.
PACS numbers: 13.25.Hw, 12.38.Bx, 14.40.Nd
I. INTRODUCTION
The B meson decays to heavy vector particles with charmonia and kaon-pion pair, such as B → J/ψKπ, ψ(2S)Kπ (etc),
have triggered considerable experimental and theoretical attentions in understanding the three-body hadronic B decays. The
strong interest in the polarization and CP -asymmetry measurements in B → ψK∗ decays is motivated by their potential
sensitivity to the new physics beyond the standard model (SM) in the b → s transition. The detailed amplitude analyses of
the B → ψKπ decays have been performed by the BABAR [1–3], Belle [4–8], LHCb [9–12], CDF [13–17], CLEO [18] and
D0 [19] collaborations.
On the theoretical side, the three-body decays do receive both the resonant and nonresonant contributions, as well as the
possible significant final-state interactions(FSIs) [20–22]. Since the nonresonant contributions and possible FSIs can not be
evaluated reliably, the three-body hadronic decays of the B meson are much more complicated to be analysed than those two-
body decays. Fortunately, it seems reasonable to assume the validity of factorization for these kinds ofB decays in the quasi-two-
body mechanism where the two-body scattering and all possible interactions between the two involved particles are included but
the interactions between the bachelor particle and the pair of mesons are neglected. Several theoretical approaches for describing
three-body hadronic decays of B mesons based on the symmetry principles and factorization theorems have been developed.
The QCD-improved factorization (QCDF) [23–26] has been widely used in the study of the three-body charmless hadronic B
meson decays [27–37]. U -spin and flavor SU(3) symmetries were adopted in Refs. [38–43].
Based on the kT factorization theorem, the perturbative QCD (PQCD) approach [44, 45] is suitable for describing different
types of heavy hadron decays. The operator-level definition of the transverse-momentum-dependent (TMD) hadronic wave
functions is highly nontrivial in order to avoid the potential light-cone divergence and the rapidity singularity [46, 47]. The
Sudakov factors from the kT resummation have been included to suppress the long-distance contributions from the large b
region with b being a variable conjugate to kT . Therefore, the PQCD approach is a self-consistent framework and has a good
predictive power. In the previous works [48–52], the two-body decays of the B(Bc) mesons to ψ plus a light vector meson are
studied in the PQCD framework. Moreover, the theoretical predictions are in good agreement with currently available data in
these works. However, the width of the resonant state and the interactions between the final states associated with the resonances
will show their effects on the branching ratios and the direct CP violations of the quasi-two-body decays in Refs. [53–61]. It
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FIG. 1: Typical leading-order Feynman diagrams for the quasi-two-body decays B → ψ(K∗ →)Kpi, with q = (u, d, s). Diagrams (a) and
(b) represent the factorizable contributions, and diagrams (c) and (d) denote the nonfactorizable contributions.
seems more appropriate to treat a light vector meson as an intermediate resonance. With the help of the P -wave kaon-pion DAs
along with the time-like form factor FKpi , which contains the final-state interactions between kaon-pion pair, the quasi-two-body
decays B → ψ[K∗(892),K∗(1410),K∗(1680)] → ψKπ, as shown in Fig. 1, will be studied in the PQCD approach utilizing
framework discussed in [62, 63], albeit the underlying kT factorization has not been proven rigorously [33, 34]. Throughout the
remainder of the paper, the symbol K∗ is used to denote the K∗(892) resonance. As the spin of ψ meson is 1, there are three
possible polarizations generating the longitudinal (0), parallel (‖), and perpendicular (⊥) amplitudes. Therefore, the Kπ DAs
involving both longitudinal and transverse polarizations are nontrivial nonperturbative inputs in our calculations. The two-pion
(two-kaon) DAs corresponding to both longitudinal and transverse polarizations have been constructed to capture important final
state interactions in the processes involving the resonant ρ (φ) in our previous work [64, 65]. The P -wave kaon-pion DAs are
introduced similar to the case of two-pion ones [64] and the SU(3) flavor symmetry breaking effect for the kaon-pion pair is
considered, which plays an important role in the longitudinal polarizations.
It has shown that leading contributions are identified by defining power counting rules for various topologies of amplitudes.
The hard b-quark decay kernel containing two hard gluons at leading order is power suppressed in the progress. The contribution
from the dynamical region, where there is at least one pair of the final state light mesons having an invariant mass below
O(Λ¯mB) [62], Λ¯ = mB − mb being the B meson and b quark mass difference, is dominant. Then it’s reasonable that the
dynamics associated with the pair of mesons can be factorized into a two-meson distribution amplitude Φh1h2 [66–72]. The
typical PQCD factorization formula for the B → ψKπ decay amplitude can be described as the form of [62],
A = ΦB ⊗H ⊗ ΦKpi ⊗ Φψ. (1)
The hard kernelH describes the dynamics of the strong and electroweak interactions in three-body hadronic decays in a similar
way as the one for the corresponding two-body decays. The ΦB and Φψ are the wave functions for the B meson and the
bachelor paticle ψ, which absorb the non-perturbative dynamics in the process. The ΦKpi is the two-hadron (K plus π in this
work) distribution amplitude, which absorbs the nonperturbative dynamics in theK-π hadronization process.
The present paper is organized as follows. In Sec. II, we give a brief introduction for the theoretical framework. The numerical
values, some discussions and the conclusions will be given in last two sections. The explicit PQCD factorization formulas for
all the decay amplitudes are collected in the Appendix.
II. FRAMEWORK
We will work in the B meson rest frame and employ the light-cone coordinates for momentum variables. The B meson
momentum pB , the total momentum of the kaon-pion pair, p = p1+p2, the final-state ψ momentum p3 and the quark momentum
ki in each meson are chosen as
pB =
mB√
2
(1, 1, 0T), p =
mB√
2
(1 − r2, η, 0T), p3 = mB√
2
(r2, 1− η, 0T),
kB =
(
0, xB
mB√
2
, kBT
)
, k =
(
z(1− r2)mB√
2
, 0, kT
)
, k3 =
(
r2x3
mB√
2
, (1− η)x3mB√
2
, k3T
)
, (2)
where mB is the mass of B meson, η =
ω2
(1−r2)m2B
with r = mψ/mB , mψ is the mass of charmonia, and the invariant mass
squared ω2 = p2. The momentum fractions xB , z and x3 run from zero to unity.
As usual we also define the momentum p1 and p2 of kaon-pion pair as
p1 = (ζp
+, (1− ζ)ηp+,
√
ζ(1− ζ)ω, p1T), p2 = ((1 − ζ)p+, ζηp+,−
√
ζ(1 − ζ)ω, p2T), (3)
with ζ = p+1 /P
+ characterizing the distribution of the longitudinal momentum of kaon.
3The kaon-pion DAs can be related to the single kaon and pion ones through a perturbative evaluation of the matrix elements
[58, 63],
〈K(p1)π(p2)|q¯1(y−)Γq2(0)|0〉, (4)
as a time-like kaon-pion production process, where Γ denotes the possible spin projectors I , γ5, γµ, γµγ5, σµν , and σµνγ5. All
these projectors except for the vector one are evaluated the same as those for the two-pion ones [64], while the vector current
matrix elements should be reanalysed in this work since the significant SU(3) flavor symmetry breaking effect are included as
aforementioned.
The vector time-like form factor associated with the local current q¯1γµq2 is defined as follows,
〈K(p1)π(p2)|q¯1γµq2|0〉 =
[
(p1 − p2)µ − m
2
K −m2pi
(p1 + p2)2
(p1 + p2)µ
]
F
‖
Kpi(s), (5)
with the invariant mass squared s = ω2 = (p1 + p2)
2. Note that the second term in above equation appears because of the
unequal mass betweenK and π.
One can apply the parametrization for the longitudinal and transverse components corresponding to the γµ spin projector,
(1) For the case of µ = +, we get (p1 − p2)µ = (2ζ − 1)p+, (p1 + p2)µ = p+, the twist-2 DA of longitudinal polarization
can be described as
p/[P1(2ζ − 1)− m
2
K −m2pi
ω2
P0(2ζ − 1)]φ0, (6)
where P0(2ζ − 1) = 1 and P1(2ζ − 1) = 2ζ − 1 are two Legendre Polynomials.
(2) For the case of µ = x, we get
(p1 − p2)x = 2px = −2
√
ζ(1 − ζ)ω ǫ
xνρσǫTνPρn−σ
P · n− , (p1 + p2)
x = 0, (7)
where the transverse polarization vector are normalized into [64]
ǫTµ =
ǫµνρσp
ν
1P
ρnσ−√
ζ(1 − ζ) ωP · n−
. (8)
Obviously, the SU(3) asymmetry term contributes to the longitudinal DA but not the transverse one.
The P -wave kaon-pion DAs related to both longitudinal and transverse polarizations are introduced in analogy with the case
of two-pion ones [64],
ΦLKpi =
1√
2Nc
[
p/φ0(z, ζ, ω2) + ωφs(z, ζ, ω2) +
p/1p/2 − p/2p/1
ω(2ζ − 1) φ
t(z, ζ, ω2)
]
,
ΦTKpi =
1√
2Nc
[
γ5ǫ/T p/φ
T (z, ζ, ω2) + ωγ5ǫ/Tφ
a(z, ζ, ω2) + iω
ǫµνρσγµǫTνPρn−σ
P · n− φ
v(z, ζ, ω2)
]
. (9)
The key in our work is to get the expressions of φ0(z, ζ, ω2). According to Eq. (2.9) in Ref. [70], we decompose the kaon-pion
DA in eigenfunctions of the evolution equation (Gegenbauer polynomials C
3
2
n (2z − 1)). Eventually, the explicit expression of
φ0(z, ζ, ω2) can be written in the following form:
φ0(z, ζ, ω2) =
F
‖
Kpi
2
√
2
6z(1− z)
[∑
anC
3
2
n (2z − 1)
]
(2ζ − 1− α), (10)
in which the factor α = (m2K −m2pi)/ω2 is treated as the SU(3) asymmetry factor and to be determined in this work.
The various twist DAs φi have similar forms as the corresponding ones for theK∗ meson [48] by replacing the decay constants
4with the time-like form factor,
φ0(z, ζ, ω2) =
3F
‖
Kpi(ω
2)√
2Nc
z(1− z)
[
1 + a
||
1K∗3(1− 2z) + a||2K∗
3
2
(5(1− 2z)2 − 1)
]
(2ζ − 1− α) , (11)
φs(z, ζ, ω2) =
3F⊥Kpi(ω
2)
2
√
2Nc
{
(1− 2z) [1 + a⊥1s(1 − 2z)]− a⊥1s2z(1− z)
}
(2ζ − 1) , (12)
φt(z, ζ, ω2) =
3F⊥Kpi(ω
2)
2
√
2Nc
(1− 2z) [(1− 2z) + a⊥1t(3(1− 2z)2 − 1)] (2ζ − 1) , (13)
φT (z, ζ, ω2) =
3F⊥Kpi(ω
2)√
2Nc
z(1− z)
[
1 + a⊥1K∗3(1− 2z) + a⊥2K∗
3
2
(5(1− 2z)2 − 1)
]√
ζ(1 − ζ) , (14)
φa(z, ζ, ω2) =
3F
‖
Kpi(ω
2)
4
√
2Nc
{
(1− 2z)
[
1 + a
‖
1a(1− 2z)
]
− a‖1a2z(1− z)
}√
ζ(1− ζ) , (15)
φv(z, ζ, ω2) =
3F
‖
Kpi(ω
2)
8
√
2Nc
[
1 + (1− 2z)2 + a‖1v(1 − 2z)3
]√
ζ(1 − ζ) , (16)
where we introduce two Gegenbauer moments a1 and a2 for the twist-2 DAs and one Gegenbauer moment a1 for each twist-3
one. While the B meson and ψ DAs are the same as widely adopted in the PQCD approach [50–52, 64].
The relativistic Breit-Wigner (RBW) line shape is adopted for the P -wave resonanceK∗(892),K∗(1410),K∗(1680) to pa-
rameterize the time-like form factor F
‖
Kpi(s), which is widely adopted in the experimental data analysis. The explicit expression
is in the following form [73],
F
‖
Kpi(s) =
c1m
2
K∗(892)
m2K∗(892) − s− imK∗(892)Γ1(s)
+
c2m
2
K∗(1410)
m2K∗(1410) − s− imK∗(1410)Γ2(s)
+
c3m
2
K∗(1680)
m2K∗(1680) − s− imK∗(1680)Γ3(s)
, (17)
where ci (i=1,2,3) are the corresponding weight coefficients and satisfy c1 + c2 + c3 = 1 due to the normalization condition
F
‖
Kpi(0) = 1. The three terms describe the contributions from K
∗(892), K∗(1410), and K∗(1680), respectively. We find that
there is no existing data for the interferences among these resonances. Thus, as a first order approximation, we only determine
the modules of the complex weight coefficients ci (i=1,2,3) and ignore their phases.
Here, the mass-dependent width Γi(s) is defined by
Γi(s) = Γi
mi√
s
( |−→p1|
|−→p0|
)3
, (18)
where |−→p1| is the momentum vector of the resonance decay product measured in the resonance rest frame, and |−→p0| is the value of
|−→p1| when
√
s = mK∗ . Themi and Γi are the pole mass and width of the corresponding resonance, where i = 1, 2, 3 represents
the resonanceK∗(892),K∗(1410) andK∗(1680), respectively. Following Ref. [53], we also assume that
F⊥Kpi(s)/F
‖
Kpi(s) ≈ fTK∗/fK∗ . (19)
with fK∗ = 0.217± 0.005GeV, fTK∗ = 0.185± 0.010GeV [74]. Due to the limited studies on the decay constants ofK∗(1410)
andK∗(1680), we use the two decay constants ofK∗(892) to determine the ratio F⊥Kpi(s)/F
‖
Kpi(s).
III. NUMERICAL RESULTS
The differential branching fraction for the B → ψKπ decays into P -wave kaon-pion pair is expressed as
dB
dω
=
τBω|~p1||~p3|
32π3M3
∑
i=0,‖,⊥
|Ai|2, (20)
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FIG. 2: The longitudinal polarization fraction f0 as a function of the asymmetric factor α for the B
0
→ J/ψ(K∗(892)0 →)K+pi− (red solid
line) and B0 → ψ(2S)(K∗(892)0 →)K+pi− (blue dotted line) decays . The gray dashed and dash-dotted lines represent the central value of
the experimental data [75] for the corresponding decay modes, respectively. Shaded bands show the experimental errors.
where the kaon and charmonium three-momenta in theKπ center-of-mass frame are given by
|−→p1| =
√
λ(ω2,m2K ,m
2
pi)
2ω
, |−→p3| =
√
λ(m2B ,m
2
ψ, ω
2)
2ω
, (21)
with the kaon (pion) massmK (mpi) and the Ka¨lle´n function λ(a, b, c) = a
2+ b2+ c2− 2(ab+ac+ bc). The termsA0,A‖ and
A⊥ represent the longitudinal, parallel and perpendicular polarization amplitudes in the transversity basis, respectively, which
are related to AL,N,T in the Appendix. The polarization fractions fλ with λ = 0, ‖, and ⊥ are described as
fλ =
|Aλ|2
|A0|2 + |A‖|2 + |A⊥|2
, (22)
with the normalisation relation f0 + f‖ + f⊥ = 1.
Before proceeding with the numerical analysis, the meson masses and widths (in units of GeV) are collected below for the
numerical calculations [75]:
mB = 5.280, mBs = 5.367, mK∗0 = 0.89555, mK∗(1410) = 1.421, mK∗(1680) = 1.718,
mJ/ψ = 3.097, mψ(2S) = 3.686, mpi± = 0.140, mK± = 0.494,
ΓK∗ = 0.0473, ΓK∗(1410) = 0.236, ΓK∗(1680) = 0.322. (23)
The values of the Wolfenstein parameters are adopted as given in the Ref. [75]: A = 0.836 ± 0.015, λ = 0.22453± 0.00044,
ρ¯ = 0.122+0.018−0.017, η¯ = 0.355
+0.012
−0.011. The decay constants (in units of GeV) and the B meson lifetimes (in units of ps) are chosen
as [50, 51, 54]
fB = 0.19, fBs = 0.23, fJ/ψ = 0.405, fψ(2S) = 0.296, fK∗ = 0.217, f
T
K∗ = 0.185,
τB0 = 1.519, τB± = 1.638, τBs = 1.512. (24)
The Gegenbauer moments, asymmetric factor α and coefficients ci (i=1,2,3) are determined by catering to the existing data
for the B → ψKπ branching ratios and polarization fractions from PDG2018 [75],
a
‖
1K∗ = 0.2, a
‖
2K∗ = 0.6, a
⊥
1s = −0.2, a⊥1t = 0.3,
a⊥1K∗ = 0.3, a
⊥
2K∗ = 0.8, a
‖
1a = −0.3, a‖1v = 0.3,
α = 0.2, c1 = 0.72, c2 = 0.135, c3 = 0.145. (25)
It should be stressed that, unlike the asymptotic forms of the twist-3 DAs used in the two-body work [49], we introduce one
Gegenbauer moment a1 for each twist-3 DA in analogous to the cases for the resonance ρ in Ref. [64]. Meanwhile, we consider
6the important asymmetric factor α, which influences the Gegenbauer moments of twist-2 DAs. The combined effect makes the
Gegenbauer moments of twist-2 DAs in the quasi-two-body framework different from those for two-body ones [49].
The asymmetric factor α plays an important role in the longitudinal polarization fraction f0 as it exists in the longitudinal
twist-2 kaon-pion DA. Its value is estimated to lie in the range from 0.05 to 0.6 by the relation α = (m2K −m2pi)/ω2 according
to the dynamical limit on the value of ω [(mK + mpi) ≤ ω ≤ (mB − mψ)]. In Fig. 2, we display the dependence of the
longitudinal polarization fraction f0 on the asymmetric factor α for the concerned decay channels B
0 → J/ψ(K∗0 →)K+π−
(red solid line) and B0 → ψ(2S)(K∗0 →)K+π− (blue dotted line). Overall, the longitudinal polarization fraction f0 increases
with the growth of asymmetric factor. In the high α region, such as α > 0.2, the f0 are strongly sensitive to α, and the deviations
between theoretical and experimental become obvious. It seems that α should be further limited to less than 0.2. Here, its value
is set to 0.2 for our calculations, which lies in the range of the above theoretical expectation. We also check the branching ratios
and polarization fractions of the B0 → J/ψ(K∗0 →)K+π− using the relation α = (m2K −m2pi)/ω2 directly. The obtained
B(B0 → J/ψ(K∗0 →)K+π−) = 8.94× 10−4, f0 = 59.0% and f‖ = 19.6% agree well with the corresponding values listed
in Table I, which implies that the α = 0.2 fitted by data is a proper choice.
Since the K∗(892) components in both J/ψ and ψ(2S) modes are well measured with a high significance by the Belle
Collaboration [6, 8], we can exactly determine its weight coefficient c1 = 0.72 based on its fit fraction. However, the significance
of the two high-mass K∗ states are too low for us to determine the c2 and c3 precisely. For example, the fit fractions for the
K∗(1410) andK∗(1680) components in the ψ(2S) channel are 5.5+8.8−1.5% (statistical error only) and 2.8
+5.8
−1.0% (statistical error
only) respectively. The corresponding measurements in the J/ψ mode for the two components are both 0.3+0.2−0.1% (statistical
error only). We note that the newest LHCb experiment [76] performs a first Dalitz plot analysis of B0 → ηc(1S)K+π−
decays. Their fit model gives almost equal fit fractions of K∗(1410) and K∗(1680) (see Table 7 of Ref. [76]), which is very
similar to the situation in J/ψ mode as mentioned above. Therefore, it is reasonable to assume that the branching ratios of the
B → ψK∗(1410)0 → ψK+π− and B → ψK∗(1680)0 → ψK+π− are approximately equal and employ the normalization of
c1+ c2+ c3 = 1, then c2 and c3 are determined as 0.135 and 0.145, respectively. The small gap between them is understandable
with respect to the different nominal masses and widths of K∗(1410) and K∗(1680). We emphasize our predictions on the
excited state channels are only rough estimates of magnitude, which need to be tested precisely in the future experiments.
By using the Eqs. (20-22), the decay amplitudes in the Appendix and all the input quantities, the resultant branching ratios
B and the polarization fractions fλ together with the available experimental measurements for the J/ψ involved modes are
summarized in Table I, while those for ψ(2S) are listed in Table II. Because the chargedB meson decays differ from the neutral
ones only in the lifetimes and the isospin factor in our formalism, we can derive the branching ratios for the B+ meson via
multiplying those for the B0 meson by the ratio τB+/τB0 .
In our numerical calculations for the branching ratios and polarization fractions, the first two theoretical errors come from the
Gegenbauer moments in the longitudinal and transverse twist-2 kaon-pion DAs, namely, a
||
1K∗ = 0.2 ± 0.2, a||2K∗ = 0.6 ± 0.6
and a⊥1K∗ = 0.3 ± 0.3, a⊥2K∗ = 0.8 ± 0.8, respectively. It is worthwhile to stress that for the hadronic charmonium B decays,
the energy release may not be high enough for justifying the PQCD leading order (LO) calculation, and the theoretical accuracy
needs to be improved. Here, the significant vertex corrections are included, so that the Gegenbauer momenta a
‖
1K∗ , a
‖
2K∗ in
Eq. (11) are redefined and different from those in our previous work [59], for which the hard kernels are evaluated only up
to the LO level. Therefore, a wide variation of the Gegenbauer moments are considered for the error estimation, such as
a
||
1K∗ = 0.2 ± 0.2, a||2K∗ = 0.6 ± 0.6, which covers the previously determined central value a||1K∗ = 0.05, a||2K∗ = 0.15. The
third theoretical uncertainty results from the shape parameter ωB(s) of the B(s) meson distribution amplitude. We adopt the
value ωB = 0.40± 0.04 GeV or ωBs = 0.50± 0.05 GeV and vary its value with a 10% range, which is supported by intensive
PQCD studies [77–80]. The last one is caused by the variation of the hard scale t from 0.75t to 1.25t (without changing 1/bi),
which characterizes the effect of the high order QCD contributions.
It is shown that the main uncertainties in our approach come from the Gegenbauer moments as listed in Table I and Table II,
which can reach about 60% in magnitude totally. The scale-dependent uncertainty is less than 25% due to the inclusion of
the NLO vertex corrections. We have also examined the sensitivity of our results to the choices of other Gegenbauer moments
(a⊥1s, a
⊥
1t, a
‖
1a, a
‖
1v) in the twist-3 DAs. These Gegenbauer moments in the twist-3 DAs have a smaller impact on the total
branching ratios than those in the twist-2 DAs. With the increase (decrease) of a⊥1s, a
⊥
1t, a
‖
1a, a
‖
1v, the total branching ratios and
the longitudinal polarization fractions become larger for the B0 (B0s ) decay modes. The opposite pattern between the B and
Bs modes is ascribed to the fact that they decay into differentKπ pairs. The positive a
⊥,‖
1 related to a K
+π− pair carries an s¯
quark, while a
⊥,‖
1 should change the sign forK
−π+ one with an s quark. The possible errors due to the uncertainties ofmc and
CKM matrix elements are very small and can be neglected safely.
It is observed that our predictions of the branching ratios for the involved J/ψ channels agree well with the available data [75]
in Table I. For the B0 → ψ(2S)(K∗0 →)K+π− decay, the PQCD prediction for its branching ratio is well consistent with
the world average (3.93 ± 0.27) × 10−4 within errors. While for the B0s → ψ(2S)K¯∗0 → ψK−π+ decay process, the
central value of our theoretical prediction for its branching ratio is slightly smaller than that of the PDG number [75] within
errors. However, the PDG result is obtained by multiplying the best value B(B0 → ψ(2S)K+π−) with the measured ratio
7TABLE I: PQCD results for the branching ratios and polarization fractions of the P -wave resonance channels in the B0(s) → J/ψK
±pi∓
decay together with experimental data [75]. The theoretical errors are attributed to the variation of the longitudinal Gegenbauer moments
(a
||
1K∗ and a
||
2K∗ ) and transverse ones (a
⊥
1K∗ and a
⊥
2K∗ ), the shape parameters ωB(s) in the wave function of B(s) meson and the hard scale t,
respectively.
Modes Quasi-two-bodyB f0(%) f‖(%) f⊥(%)
B0 → J/ψ(K∗(892)0 →)K+pi− (8.55+4.08+2.33+2.34+1.88−2.79−1.78−1.73−1.36 ) × 10
−4 57.1+14.5+14.2+1.1+1.8−19.1−12.8−0.0−1.5 20.5
+9.2+7.2+0.0+0.6
−6.9−8.1−0.6−1.0 22.4
+10.0+5.6+0.1+0.9
−7.6−6.0−0.5−0.8
PDG 2018a (8.47 ± 0.03) × 10−4 57.1 ± 0.7 · · · 21.1 ± 0.8
B0 → J/ψ(K∗(1410)0 →)K+pi− (2.23+0.88+0.51+0.35+0.71
−0.68−0.37−0.33−0.46
) × 10−5 58.2+12.6+11.0+1.6+2.0
−16.4−11.5−1.7−2.6
17.9
+7.1+8.0+1.1+0.7
−5.4−8.1−0.8−0.8
23.9
+9.3+3.6+0.6+1.9
−7.2−3.1−0.8−1.2
B0 → J/ψ(K∗(1680)0 →)K+pi− (2.26+0.94+0.55+0.41+0.83−0.60−0.37−0.36−0.47 ) × 10
−5 56.6+13.4+10.4+1.1+2.8−14.9−11.4−1.0−3.7 17.5
+6.1+10.0+0.7+1.6
−5.3−8.6−0.1−0.7 25.9
+8.8+1.8+0.3+2.1
−8.1−2.4−1.0−2.1
B0s → J/ψ(K¯
∗(892)0 →)K−pi+ (2.39+1.40+0.88+0.78+0.46−0.89−0.59−0.59−0.34 ) × 10
−5 56.3+17.2+17.3+0.3+0.7−23.8−16.0−0.7−0.9 23.6
+12.9+8.8+0.8+0.9
−9.3−9.3−0.0−0.2 20.1
+10.9+7.2+0.0+0.0
−7.9−8.0−0.6−0.5
PDG 2018a (2.73 ± 0.27) × 10−5 49.7 ± 3.5 17.9 ± 3.0 · · ·
B0s → J/ψ(K¯
∗(1410)0 →)K−pi+ (7.53+3.46+2.28+1.68+1.84
−2.16−1.35−1.55−1.25
) × 10−7 50.5+16.4+10.3+0.5+1.2
−18.5−12.4−0.5−1.4
26.6
+10.0+8.7+0.1+0.0
−8.8−8.5−0.3−0.5
22.9
+8.5+3.7+0.4+1.5
−7.6−2.1−0.2−0.7
B0s → J/ψ(K¯
∗(1680)0 →)K−pi+ (7.61+3.10+2.38+1.44+2.11−1.90−1.19−1.43−1.19 ) × 10
−7 44.4+16.9+7.9+0.0+1.6−17.3−11.2−0.6−1.7 28.7
+8.9+10.3+0.5+0.2
−8.8−8.6−0.0−0.2 26.9
+8.4+2.1+0.5+1.9
−8.1−1.1−0.4−1.8
aThe experimental results are obtained by multiplying the relevant measured two-body branching ratios according to the Eq. (26).
TABLE II: PQCD results for the branching ratios and polarization fractions of the P -wave resonance channels in the B0(s) → ψ(2S)K
±pi∓
decay together with experimental data [75]. The theoretical errors are attributed to the variation of the longitudinal Gegenbauer moments
(a
||
1K∗ and a
||
2K∗ ) and transverse ones (a
⊥
1K∗ and a
⊥
2K∗ ), the shape parameters ωB(s) in the wave function of B(s) meson and the hard scale t,
respectively.
Modes Quasi-two-bodyB f0(%) f‖(%) f⊥(%)
B0 → ψ(2S)(K∗(892)0 →)K+pi− (3.58+1.21+0.96+0.95+0.95
−0.96−0.75−0.82−0.65
) × 10−4 49.4+13.3+12.2+0.0+2.2
−17.7−11.1−1.1−3.0
24.0
+8.3+7.5+0.5+1.5
−6.3−8.2−0.2−1.3
26.6
+9.4+3.7+0.6+1.5
−7.0−4.0−0.0−0.9
PDG 2018a (3.93 ± 0.27) × 10−4 46.3
+2.8
−4.0 · · · 30.0 ± 6.0
B0 → ψ(2S)(K∗(1410)0 →)K+pi− (5.37+1.86+1.34+1.07+2.06−1.35−0.93−0.90−1.20 ) × 10
−6 49.9+13.5+9.9+1.2+2.8−16.1−10.4−1.5−3.7 21.0
+6.8+10.0+1.2+1.5
−5.6−9.9−0.7−1.2 29.1
+9.3+1.1+0.3+2.2
−7.9−0.6−0.5−1.6
B0s → ψ(2S)(K¯
∗(892)0 →)K−pi+ (7.70+3.93+3.33+2.77+1.76−2.18−2.26−1.86−1.11 ) × 10
−6 39.5+21.6+14.9+0.5+1.3−22.4−12.8−0.3−1.0 32.0
+11.8+8.2+0.0+0.2
−11.4−10.4−0.2−0.8 28.5
+10.6+4.6+0.3+0.8
−10.2−4.6−0.3−0.5
PDG 2018a (2.20 ± 0.33) × 10−5 52.0 ± 6.0 · · · · · ·
B0s → ψ(2S)(K¯
∗(1410)0 →)K−pi+ (1.55+0.61+0.56+0.36+0.46
−0.38−0.35−0.30−0.29
) × 10−7 30.9+20.2+8.6+0.3+1.6
−21.3−8.7−0.3−2.2
32.9
+10.2+10.9+0.3+0.6
−9.6−11.0−0.0−0.2
36.2
+11.1+2.5+0.0+2.4
−10.6−2.3−0.6−2.2
aThe experimental results are obtained by multiplying the relevant measured two-body branching ratios according to the Eq. (26).
B(B¯0s → ψ(2S)K+π−)/B(B0 → ψ(2S)K+π−) via an intermediate K∗(892)0 from LHCb collaboration [12]. We hope the
experiment will provide a direct measurement to this decay mode in the future.
The two-body branching fraction B(B → ψK∗0) can be extracted from the corresponding quasi-two-body decay modes in
Table I and II under the narrow width approximation relation
B(B → ψK∗0 → ψK+π−) = B(B → ψK∗0) · B(K∗0 → K+π−), (26)
where we assume the K∗0 → Kπ branching fraction to be 100%. The isospin conservation is assumed for the strong decays
of an I = 1/2 resonanceK∗0 to Kπ when we compute the branching fractions of the quasi-two-body process B → ψK∗0 →
ψK+π−, namely,
Γ(K∗0 → K+π−)
Γ(K∗0 → Kπ) = 2/3,
Γ(K∗0 → K0π0)
Γ(K∗0 → Kπ) = 1/3. (27)
When compared with previous theoretical predictions for B → ψK∗ in the two-body framework both in the PQCD approch
[48, 49, 52] and in QCDF [81, 82], one can find that the branching ratios of the quasi-two-body decay modes are in good
agreement with those two-body analyses based on the PQCD approach [49, 52]. Taking B0 → J/ψK∗0 decay as an example,
we obtain the B(B0 → J/ψK∗0) = 1.28 × 10−3 from the value as listed in the second column of Table I, which matches the
B(B0 → J/ψK∗0) = 1.23 × 10−3 in Ref. [49]. The consistency of the branching ratios supports the usability of the PQCD
factorization for exclusive hadronic B meson decays. Our predictions for the branching ratios are also similar with those in the
QCDF approach [82].
In Fig. 3(a), we show the ω-dependence of the differential decay rate dB(B0 → J/ψK+π−)/dω after the inclusion of
the possible contributions from the resonant states K∗ (the solid curve), K∗(1410) (the dashed curve), K∗(1680) (the dotted
curve). Similarly, we display the PQCD prediction for dB/dω for B0 → ψ(2S)K∗0 → ψ(2S)K+π− (the solid curve) and
B0 → ψ(2S)K∗(1410)0 → ψ(2S)K+π− (the blue dashed curve) in Fig. 3(b). For the considered decay modes B0 →
ψK+π−, the dynamical limit on the value of invariant mass ω is (mK+ +mpi−) ≤ ω ≤ (mB −mψ). For B0 → ψ(2S)K+π−
decays, since mK∗(1680) > ωmax = (mB − mψ(2S)), the resonance K∗(1680) can not contribute to this decay. Obviously,
the differential branching ratios of these decays exhibit peaks at the pole mass of the resonant states. Thus, the main portion
of the branching ratios lies in the region around the resonance as expected. For B0 → J/ψK∗0 → J/ψK+π− decay, the
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FIG. 3: (a) Differential branching ratios for the B0 → J/ψ[K∗0,K∗(1410)0,K∗(1680)0 →]K+pi− decays, and (b)Differential branching
ratios for the B0 → ψ(2S)[K∗0,K∗(1410)0 →]K+pi− decays.
central values of the branching ratio B are 4.15 × 10−4 and 6.23 × 10−4 when the integration over ω is limited in the range
of ω = [mK∗ − 0.5ΓK∗,mK∗ + 0.5ΓK∗] or ω = [mK∗ − ΓK∗ ,mK∗ + ΓK∗ ] respectively, which amount to 49% and 73%
of the total branching ratio B = 8.55 × 10−4 as listed in Table I. The peak of K∗(1680) has slightly smaller strength than the
K∗(1410), while its broader width compensates the integrated strength over the whole phase space. Therefore, the branching
ratios of the two components are of a comparable size as predicted in our work.
From the numerical results as given in Table I and Table II, we predict the relative ratio R1 between the branching ratios of B
meson decays involving ψ(2S) and J/ψ with the resonanceK∗(1410)0,
R1(K
∗(1410)) =
B(B0 → ψ(2S)(K∗(1410)0 →)K+π−)
B(B0 → J/ψ(K∗(1410)0 →)K+π−) = 0.24
+0.02
−0.01, (28)
which is smaller than the corresponding ratio ofK∗ reported by the LHCb measurement [9],
Rexp1 =
B(B¯0 → ψ(2S)K∗0)
B(B¯0 → J/ψK∗0) = 0.476± 0.014± 0.010± 0.012. (29)
The gap is governed by the different masses and widths in the Breit-Wigner functions of the K∗ and K∗(1410). It is expected
that the forthcoming LHCb and Belle-II experiment to provide a direct measurement of R1(K
∗(1410)).
The polarization fractions associated with the available data are also listed in Tables I and II, which have the same origin
of theoretical uncertainties as the branching ratios. For these decays, the contributions from the non-factorizable tree diagrams
in Fig. 1(c,d) are comparable with those of the color-suppressed tree diagrams though the latter are enhanced by the involving
vertex corrections. It is easy to see that the fraction of the longitudinal polarization can be generally reduced to about ∼ 50%,
while the parallel and perpendicular ones are roughly equal. Especially for Bs → ψ(2S) modes, all the three transversity
amplitudes are of comparable size. The results are quite different from the expectation in the factorization assumption that the
longitudinal polarization should dominate based on the quark helicity analysis [83, 84]. We can also adopt the helicity amplitudes
(A0,A+,A−), which are related to the spin amplitudes (A0,A‖,A⊥) in Appendix by
A± =
A‖ ±A⊥√
2
, (30)
while A0 is common to both bases. From the results of Tables I and II and Eq. (30), one have a hierarchy of helicity amplitudes
|A0| ∼ |A+| > |A−|, which are very similar to the cases of two-body charmoniumB decays [52].
The PQCD predictions for the polarization fractions of most consideredB0(s) → ψK∗ → ψKπ agree with currently available
data within errors. ForB0s → ψ(2S)(K¯∗(892)0 →)K−π+ decay, although the central value of f0 ≈ 40% is a little smaller than
the measured one fexp0 = 52%, but they are still consistent with each other due to the still large theoretical and experimental
uncertainties. As stressed above, we expect a thorough angular analysis of the B0s → ψ(2S)(K¯∗0 →)K−π+ decay mode to
accurately extract various polarization amplitudes. According to Table II and Eq. (9) from Belle collaboration [8], the central
values of longitudinal, parallel polarization fractions are 46.3% and 24.8% for B¯0 → J/ψK∗(1410)0 → J/ψK−π+, as
well as 37.2% and 31.9% for B¯0 → J/ψK∗(1680)0 → J/ψK−π+. In comparison to our predictions in Tables I and II,
their longitudinal polarizations are small but the parallel ones are large. As mentioned before, since the tensor and vector
decay constants for K∗(1410) or K∗(1680) are still not known yet, we use the decay constants of K∗ to define the ratio
9F⊥Kpi(s)/F
‖
Kpi(s). In fact, the ratios F
⊥
Kpi(s)/F
‖
Kpi(s) should be regarded as free parameters and determined by fitting the data
in the absence of any theoretical and experimental bases. However, the statistical error in [8] are large and the corresponding
systematic error are still absent, it is not possible to perform a global fitting from the current data. More precise measurements
of such decay channels are expected to help us to test and improve our theoretical calculations.
IV. CONCLUSION
In this work, we have studied the quasi-two-body decays B0(s) → ψ[K∗0,K∗(1410)0,K∗(1680)0 →]Kπ in the PQCD
approach by introducing the kaon-pion DAs. Similar to the case of charmonium and the P -wave pion pair in the final state,
which carries the spin degrees of freedom, the kaon-pion DAs corresponding to the longitudinal and transverse polarizations
are performed through a perturbative evaluation of the associated hadronic matrix elements as a time-like process. The SU(3)
flavor symmetry breaking factor for the longitudinal polarizations of the kaon-pion pair is determined and within the range
of theoretical expectations. Besides, we also fixed the hadronic parameters involved in the kaon-pion DAs by catering to the
data for the branching ratios and polarization fractions of the relevant decay modes. It has been shown that our results of the
branching ratios and polarization fractions for the considered B0 → ψ(K∗ →)Kπ decays are in good agreement with the
existing data. The possible discrepancy between the PQCD predictions and the data for the B0s → ψ(2S)(K¯∗0 →)K−π+
decay could be tested by the forthcoming experiments. The branching ratios of two-body B → ψK∗ can be extracted from
the corresponding quasi-two-body modes by employing the narrow width approximation. We have also predicted the branching
ratios and polarization fractions of the B0(s) → ψ[K∗(1410),K∗(1680)→]Kπ decays and the new ratio R1(K∗(1410)) among
the branching ratios of the considered decay modes are defined, which will be confronted with the future measurements.
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Appendix A: Decay amplitudes
The contributions from the longitudinal polarization, the normal polarization, and the transverse polarization are marked by
the subscripts L, N and T , respectively. The superscript LL, LR, and SP refers to the contributions from (V −A)⊗ (V −A),
(V −A)⊗ (V +A) and (S − P )⊗ (S + P ) operators, respectively. The total decay amplitude is decomposed into
A = AL +AN ǫT · ǫ3T + iAT ǫαβρσnα+nβ−ǫρT ǫσ3T , (A1)
where the three individual polarization amplitudes are written as
AL,N,T (B0(s) → ψKπ) =
GF√
2
{
V ∗cbVcs(cd)
[
(C1 +
1
3
C2)FLLL,N,T + C2MLLL,N,T
]
− V ∗tbVts(td)
[
(C3 +
1
3
C4 + C9 +
1
3
C10)FLLL,N,T + (C5 +
1
3
C6 + C7 +
1
3
C8)FLRL,N,T
+ (C4 + C10)MLLL,N,T + (C6 + C8)MSPL,N,T
]}
, (A2)
with the CKM matrix elements Vij and the Fermi coupling constant GF . The Wilson coefficients Ci encode the hard dynamics
of weak decays. The above amplitudes are related to those in Eq. (20) via
A0 = AL, A‖ =
√
2AN , A⊥ =
√
2AT . (A3)
The explicit amplitudesF(M) from the factorizable (nonfactorizable) diagrams in Fig. 1 can be obtained straightforwardly just
by replacing the twist-2 or twist-3 DAs of the ππ system with the corresponding twists of the Kπ ones in Eqs. (11)-(16), since
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the P -wave kaon-pion distribution amplitude in Eq. (9) has the same Lorentz structure as that of two-pion ones in Ref. [64].
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